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Abstract
We use the off-shell string effective action method developed by
E.S. Fradkin and A.A. Tseytlin to obtain the formula for all-genus
string effective action with and without compactification at the low-
energy approximation in the massless background fields. We find that
for the bosonic string, one can determine the dilaton vacuum expecta-
tion value from the all-genus effective action because of the nontrivial
dependence of potential energy on dilaton. For compactified four-
dimensional string models, if one requires that the target-space dilaton
field lie on a Ka¨hler manifold, we obtain a constraint which will specify
the worldsheet dilaton in terms of the constant background fields. We
also show that under this constraint, the tree-level ka¨hlar potential
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and superpotential are not changed by the higher-genus effect. This
proves again the non-renormalization theorem for a string moving in
massless background fields in the low-energy approximation.
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In this paper, we use the off-shell string effective action method developed
by E.S. Fradkin and A.A. Tseytlin [1] to derive the form of all-genus effective
action in the background fields with and without compactification at the low-
energy approximation. We will first review their derivation of the bosonic
string effective action using this method. Then we will show that this method
can be easily generalized to all genus case and we will derive the form of
all-genus effective action for bosonic string, superstring and heterotic string
with or without compactification. We find that the dependence of coupling
constants on dilaton remains unchanged with a redefinition of dilaton, but
the kinetic energy of dilaton is modified. For a bosonic string, from all-genus
effective action one can determine the vacuum expectation value (VEV) of
world-sheet dilaton field. For four-dimensional string models, we find that
the requirement of target-space dilaton field on a Ka¨hler manifold constrains
the worldsheet dilaton to take a specific value determined by the constant
string background fields. We also find that with a redefinition of dilaton
fields, the all-genus Ka¨hler potential and superpotential remain the same
as the tree-level ones. This gives another proof of the non-renormalization
theorem for effective string theory with massless background fields in the
low-energy approximation.
One of the big goals of string phenomenology is to determine the low
energy effective theory from string dynamics. To achieve this, one needs
to study string theories in a curved background (ı.e. interactive string the-
ories). So far there are three methods of studying the interactive string
theory, namely the S-matrix method [2, 3], the beta function method [4] and
the string effective action method [1]. The S-matrix approach is to construct
an effective field theory that yields the same scattering amplitudes as those
given by the full string theory at the low-energy limit. In the beta function
method, one derives the background field equations of motion and the effec-
tive lagrangian from the conformal invariance of string theory. The off-shell
string effective action method, developed by E.S. Fradkin and A.A. Tseytlin,
directly deduces the effective action from the path integral formulation of
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interactive string theory.
The starting point of E.S. Fradkin and A.A. Tseytlin’s method is the
covariant effective action
Γ[C,Gij, Bij ...],
which is defined through the string path integral to be:
Γ[C,Gij, Bij...] ≡
∑
χ
eσχ
∫
M2χ
DgαβDX ie−I . (1)
Here the path integral is over all maps X(z) of the worldsheet M2χ into the
spacetime manifold MD, and over all two-dimensional metrics gαβ on the
worldsheet, and χ = (4π)−1
∫
d2z
√
gR = 2−2n is the Euler number of M2χ.
The constant σ is related to the dimensionless string theory coupling constant
gc = e
−σ. Note that σ can be absorbed into a constant part of dilaton field C
and is fixed when the vacuum value of dilaton field C is determined by the full
theory. So the worldsheet dilaton field C can also be thought of as the string
coupling constant. I is the string action including the coupling of string to
massless string excitations (or for a string moving in the manifold with the
background fields). For the closed bosonic string, in which the dilaton C,
graviton Gij and antisymmetric tensor Bij form the massless level of string
spectrum, the string action including these “excited” modes is:
I =
∫
d2σ[(4π)−1
√
gRC(X)
+ (4πα′)−1
√
g gαβ∂αX
i∂βX
j Gij(X) + iǫ
αβ∂αX
i∂βX
j Bij(X)]. (2)
The effective action Γ contains all the information about quantum string
theory. It is a generating functional for the correlation functions of the
background fields: C,Gij, Bij ,. . . . From the target space point of view, Γ
is the quantum field theory effective action of fields C,Gij, Bij , ... . So the
above string path integral yields a direct derivation of the effective field theory
action and the effective lagrangian from string dynamics.
To compute the effective action defined above, one first extracts the
integral over a “center of mass” collective coordinate by splitting X i =
2
xi + ηi, where xi =constant,∫
[dX ] =
∫
dDx
∫
[dη].
Then one calculates the “effective action” for a generalized σ-model (with
the “internal” space MD) defined on a curved world-sheet,
exp(−W [g,G,B]) =
∫
[dη] exp(−I[x+ η,G(x+ η), B(x+ η), C(x+ η), g]).
And finally one averages over all possible metrics on the world-sheet and
sums over all possible topologies. Considerations based on covariance and
the Weyl anomaly in an interacting theory determine the general structure
of W [g, C,G,B]:
W = ǫ−1β
∫
d2x
√
gR + γ
∫
d2zd2z′(R
√
g)z∂
−2
zz′(R
√
g)z′,
β = 4a1,
γ = a1 + a2α
′(R(x)− 1
12
HijkH
ijk + 4∂iC∂
iC)
+a3α
′2[R...(x) + ...]2 + ..., (3)
where ǫ = d − 2 → 0, R is the worldsheet curvature scalar and R is the
target-space curvature scalar. From the one- and two-loop calculations, one
finds:
a1 = D/96π,
γ = D/96π − (α′/64π)(R− 1
12
HijkH
ijk + 4∂iC∂
iC)
+O(α′2R2). (4)
Next one integrates e−W over the metrics on a closed surface M2χ under
the coordinate gauge:
gµν = e
2ρgˆµν , (5)
here gˆµν has a constant curvature. One finds that the logarithm of the ghost
determinant has the same structure as the above W, the total γ is:
γ = (96π)−1[D − 26− 3
2
α′(R− 1
12
HijkH
ijk + 4∂iC∂
iC) + 0(α′2R2)]. (6)
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The derivation so far depends only on local geometric properties, and the
result is true for arbitrary genus world-sheet. At tree level (χ=2) we have:
Γtree ∼
∫
dDxe−2C
∫
[dρ]
× exp
(
−γ
∫
d2zd2z′ × (Rˆ
√
gˆ − 2∂ˆ2ρ)z∂ˆ−2zz′(Rˆ
√
gˆ − 2∂ˆ2ρ)z′
)
.(7)
The integration over [ρ] under the fixed surface area gauge condition yields
a trivial factor which does not depend on γ , we get:
Γtree ∼
∫
dDxe−2C exp(−γ
∫
d2zd2z′(Rˆ
√
gˆ)z∂ˆ
−2
zz′(Rˆ
√
gˆ
z′
). (8)
For a sphere,
∫
Rˆ∂ˆ−2Rˆ = 16π. For a critical string in the low energy approx-
imation, ı.e., α′ small, one gets:
Γ[G,C,B] = −MD
∫
dDx
√
Ge−2S
×[1 + 1
4
α′(R+ 4∂iC∂iC − 1
12
HijkH
ijk) + ...]. (9)
Here M ∼ (α′)1/2 is a normalization mass. Making the Weyl rescaling Gij →
Gij exp[4C/(D − 2)], we obtain:
Γ[G,C,B] =
∫
dDx
√
G{−(4/k2α)exp[4C/(D − 2)] +
k−2[−R+ (4/(D − 2))(∂iC)2 − 1
12
H2ijkexp[−8C/(d − 2)]]},
k ∼ (α′)(D−2)/4. (10)
This result agrees with that deduced from the S-matrix method and the
beta-function method. E.S. Fradkin and A.A. Tseytlin also extend the above
string effective action approach to superstring theories. In this paper, we will
assume the above method can be applied to obtain the effective action for
supersymmetric and heterotic strings.
In the following, we will generalize the above 0-genus result to an all-
genus one. This is possible because the derivation of (6) depends only on
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local geometric properties and it is true for a world-sheet with arbitrary
topology. So we can easily extend the above tree-level result perturbatively
to an all-genus result. For example, for an n-genus world-sheet, the string
effective action is:
Γn−genus ∼
∫
dDxe−2(1−n)C
∫
Mχ
dmj
∫
[dρ]
exp
(
−γ
∫
d2zd2z′ × (Rˆ
√
gˆ − 2∂ˆ2ρ)z∂ˆ−2zz′(Rˆ
√
gˆ − 2∂ˆ2ρ)z′
)
∼
∫
dDxe−2(1−n)C
∫
Mχ
dmj
exp(−γ
∫
d2zd2z′(Rˆ
√
gˆ)z∂ˆ
−2
zz′(Rˆ
√
gˆ)z′). (11)
Here mj are the moduli parameterizing the n-genus worldsheet. In the low-
energy approximation, these expressions can be rewritten in a form similar
to the tree-level results:
Γn−genus[G,B,C, ...] =
∫
dDx
√
Ge(2n−2)C{ − (4/k2α)bn
+k−2dn[−R− 4(∂iC)2 + 1
12
H2ijk] + . . . }, (12)
with bn and dn defined to be:
bn =
∫
Mχ
dmj , (13)
dn = −(64π)−1
∫
Mχ
dmj
∫
d2zd2z′(Rˆ
√
gˆ)z∂ˆ
−2
zz′(Rˆ
√
gˆ)z′. (14)
We see bn and dn are some constants which depend only on the topology of
a worldsheet. Summing over all-genus worldsheets, we get:
Γ[G,B,C] =
∫
dDx
√
G{ − (4/k2α) ∑
n=0,1,...
e−(2n−2)Cbn
+k−2[−R− 4(∂iC)2 − 1
12
HijkH
ijk]
∑
n=0,1,...
dn e
−(2n−2)C}.(15)
With the Weyl rescaling Gij → Gijh
−2
D−2 (C),
h(C) =
∑
n=0,1,...
dn e
−(2n−2)C ,
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and
f(C) =
∑
n=0,1,...
bn e
−(2n−2)C ,
we obtain:
Γ[G,B,C] =
∫
dDx
√
G{ − (4/k2α)f(C)h− DD−2 +
k−2[−R− (4− D − 1
D − 2h
′2(C))(∂iC)
2 − 1
12
h−
4
D−2HijkH
ijk]}. (16)
We see that the dilaton field is modified in the all-genus case. We express
the effective action in terms of the modified dilaton C → h:
Γ[G,B,C] =
∫
dDx
√
G{ − (4/k2α)f(C)h− DD−2 (C) +
k−2[−R− ( 4
h′2(C)
− D − 1
D − 2)(∂ih)
2 − 1
12
h−
8
D−2HijkH
ijk]}, (17)
with
h′(C) =
∂h(C)
∂C
.
We see that the high-genus effect modifies the tree-level kinetic energy of
dilaton. But the coupling constants, for example the coupling constant in
front of Hijk and, if gauge fields exist, the gauge coupling constant have the
same dilaton dependence under the redefined dilaton field. Another interest-
ing result from the all-genus effective action is that for bosonic string because
of the nontrivial dependence of vacuum energy on the dilaton field, one can
determine the worldsheet dilaton (VEV) from:
∂
∂C
[f(C)h−
D
D−2 (C)] = 0 (18)
Next we generalize the tree-level result to an all-genus one for the super-
symmetric string or heterotic string. In these cases, the above derivation still
applies except now bn = 0, n = 0, 1, .... This is because the integration of
supermoduli over a constant yields zero. So the all-genus effective action for
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the supersymmetric strings is of the form:
Γ[C,Gij, Bij ] ≡
∫
dDxL =
∫
dDxLtree(C,Gij, Bij, Ai...)h(C),
=
∫
dDx
√
G{k−2[−R− ( 4
h′2(C)
− D − 1
D − 2)(∂ih)
2
+
1
12
h−
4
D−2HijkH
ijk] +
1
4
h−
2
D−2FijF
ij}. (19)
Here again, the coupling constants remain unchanged under the redefined
dilaton but the dilaton kinetic energy is modified. Notice for superstring,
the determination of dilaton VEV is not possible.
Now we proceed to calculate the all-genus effective action with some di-
mensions of spacetime compactified. In this case, the coordinate XI on
compactified space decomposes into three parts: XI = xI + ηI + XIc , i.e.
the center of mass part xI , the excitation part ηI and the zero modes from
compactification XIc . So now we get:∫
DXI =
∫
DxI
∫
DηI
∫
DXIc . (20)
Here
∫ DXIc is the summation over the zero-modes coming from compactifi-
cation. The effective action becomes:
Γ[C,Gij, Bij] =
∑
χ=2,0,−2,...
e−σχ
∫
dDx
∫
D′X Dg e−I
∫
DXIc e−A0 (21)
Here we define A0 to be the action of the zero-modes coming from compact-
ification. Notice that the oscillation mode contribution is the same for the
compactified and uncompactified coordinates. So the effective action with
compactification will be the same as the one we derived before, except for
one extra factor coming from the summation of compactification zero-modes.
For n-genus worldsheet, we define this factor to be:
Zn(GIJ , BIJ , AI , mj) =
∫
Mχ
DXIc e−A
n
0 , (22)
with An0 representing the n-genus worldsheet action of the zero-modes from
compactification and the mj are the moduli parameterizing the n-genus
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world-sheet. For torus or orbifold compactification, Zn(GIJ , BIJ , AI , mj) can
be calculated. For example, for torus compactification, at the tree level,
Z0(GIJ , BIJ , AI , mj) is trivial: Z0(GIJ , BIJ , AI , mj) = 1/V ol(Λ), where
V ol(Λ) is the volume of the compactified space. At the one-genus level, this
has been calculated for heterotic string [5] to be:
Z1(GIJ , BIJ , AI , τ, τ¯) =
∫
χ=0
DXIc e−A
1−loop
0
=
∑
L∈ΛP∈Λ∗
∑
W∈
spin(32)
Z2
q¯p
2
L
/2qp
2
R
/2. (23)
Here q = e2ipiτ , τ is the modulus parameterizing the worldsheet torus and
pIL,R =
1
2
GIJPJ ∓ Li +GIKBKLLL + 1
2
GIJAaJW
a +
1
4
GIJAaIA
a
JL
K ,(24)
pIL = p
I + AIKn
K . (25)
GIJ , BIJ and AI are the constant string background fields that parameterize
string vacua. We see that for high-genus string worldsheet, Zn(GIJ , BIJ , AI , τ, τ¯)
has a nontrivial dependence on these constant background fields. With the
all-genus result derived above, the formula for effective action with compact-
ification is:
Γ[C,G,B,A] =
∑
χ=2,0,−2,...
e−σχ
∫
dDx
∫
D′X Dg e−I Zn(GIJ , BIJ , AI , mj)
=
∫
dDxLtree10 (C,G,B)h(C,GIJ, BIJ , AαI ). (26)
Now the function h depends on the worldsheet dilaton C and other constant
string background fields GIJ , BIJ , and AI . It is defined to be:
h(C,GIJ , BIJ , A
α
I ) =
∑
n=0,1,...
dn e
(2−2n)C , (27)
with
dn = − 1
64π
∫
Mh
dmjZn(GIJ , BIJ , AI ;mj)
∫
d2zd2z′(Rˆ
√
gˆ)z∂ˆ
−2
zz′(Rˆ
√
gˆ)z′. (28)
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The four-dimensional lagrangian L is specified by three functions: Ka¨hler
potential K, superpotential W and f function. To derive these functions,
here we use the dimensional reduction method introduced by E. Witten [6].
We get:
Γ[C,Gij, Bij , Ai] =
∫
d4x {1
2
R(4) − 3∂µσ∂µσ + 2∂µC∂µC
− 9
16h2
∂µh∂
µh− 3
2
e−2σh
1
2 e−2σ(∂µa− 1√
2
ikφxDµφ
x)2
−3
4
h
1
2 e6σHµνρHµνρ − 1
4
h
1
4 e3σTrFµνF
µν − 3e−σh 14Dµφ¯xDµCx
−8
3
g2h
1
4 e−5σ|∂W
∂φx
|2 − 9
2
(g2/f)h
1
4 e−5σ
∑
i
(φ¯, λiφ)2 − 8k2g2h 12 e−6σ|W |2}. (29)
Here σ is a scalar field related to “breathing mode”, φx are some charged
scalar fields in a string model. The axion “D” is defined by:
h
1
4 e3σHµνρ = ǫµνρσ∂
σD.
W is the cubic “superpotential”:
w = 8
√
2dxyzφ
xφyφz.
Identifying the gauge coupling constant with dilaton field, we find that dila-
ton and moduli in four-dimension, S and T, should be defined by:
S = e3σh
1
4 + 3i
√
D,
T = eσh−
1
4 − i
√
2a + φ¯xφ
x. (30)
To have a Ka¨hler geometry, the coefficients in front of the ∂µD∂
µD term and
∂µSr∂
µSr term (here Sr is the real part of dilaton) should be the same. This
requires that:
2∂µC∂
µC − 9
16h2
∂µh∂
µh = − 1
16h2
∂µ∂
µh (31)
or:
[
∂h(C,GIJ , BIJ , AI)
h∂C
]2 = 4. (32)
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It is interesting that the requirement of a Ka¨hler manifold for the four-
dimensional target-space dilaton field leads to the determination of the world-
sheet dilaton C in terms of the constant string background fields in a string
model. But the breathing mode σ still remains undetermined.
It is easy to see that, under the above constraint, the all-genus superpo-
tential and Ka¨hler potential remain the same as the tree-level ones. This can
be viewed as another proof of string non-renormalization theorem [7, 8, 9].
Notice that from our calculation the all-genus f function, which is the gauge
coupling function, also remains the same as the tree-level one. But this result
does not contradict the result of Kaplunovsky [10]. This is because in our
derivation we take into account only massless background fields, while the
string threshold correction comes from the integration over massive string
modes. This is a limitation of our result.
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